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Abstract
We study the 2D massive fields in the presence of moving mirrors. We do that for standing mirror and mirror
moving with constant velocity. We calculate the modes and commutation relations of the field operator with
the corresponding conjugate momentum in each case. We find that in case of the ideal mirror, which
reflects modes with all momenta equally well, the commutation relations do not have their canonical form.
However, in the case of non–ideal mirror, which is transparent for the modes with high enough momenta, the
commutation relations of the field operator and its conjugate momentum have their canonical form. Then
we calculate the free Hamiltonian and the expectation value of the stress–energy tensor in all the listed
situations. In the presence of moving mirrors the diagonal form in terms of the creation and annihilation
operators has the operator that performs translations along the mirror’s world line rather than the one
which does translations along the time–line. For the massive fields in the presence of a mirror moving with
constant velocity the expectation value of the stress–energy tensor has a non–diagonal contribution which
decays with the distance from the mirror.
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1 Introduction
Quantum field theory in non–stationary situation recently received a lot of attention. The main interest
in the context of particle physics and cosmology is in the particle creation and the resulting back reaction.
The common wisdom is that semi–classical approximation provides the leading result for the flux. In the
semi–classical approximation the flux, if any, appears due to the amplification of the zero–point fluctuations.
However, in many situations there is a break down of the perturbation theory and of the semi–classical
approximation. Namely there is a universal secular growth of the loop corrections to the correlation functions,
which appears due to the excitation of the higher levels on top of the above mentioned amplification of the zero
point fluctuations.
Such a secular growth is observed in de Sitter space quantum field theory [1]–[8], in strong electric fields
[9], [10], in the presence of the black hole collapse [11] and in the presence of the moving mirrors [12]. The
presence of the secular effects, which make quantum corrections strong, demands the resummation of the leading
contributions from all loops. The situation with mirrors seems to be the simplest one among the listed in the
previous paragraph phenomena.
However, the authors of [12] have encountered some unexpected problems. One of them is related to
the infrared peculiarities of the massless two–dimensional fields. The second problem appears due to the
consideration of the ideal mirror [13] — of such a mirror which reflects all modes equally well, independently of
the value of their momenta. Meanwhile a real physical mirror is certainly transparent for high enough momenta
modes.
As explained in [13], due to the reflection of all momenta the character of the UV divergences in non–globaly
hyperbolic situations in the Minkowskian signature is very much different from the one in empty space or in
Euclidian signature.
To overcome the above difficulties with massless fields in this paper we consider massive 2D scalar quantum
field theory in the presence of mirrors performing various types of motion. The action for the massive scalar
field that we consider is as follows:
S =
∫
x>z(t)
dtdx
[
ηµν∂µφ∂νφ−m2φ2
]
,
where ηµν = diag(1,−1) is the metric for two-dimensional Minkowski space-time.
In this paper we consider free fields. The situation with loop corrections in the φ4 theory, along the lines of
[12] will be considered elsewhere. Also we consider here only the case of either standing mirrors or moving with
constant velocity. The case of mirrors performing non–inertial motions will also be considered elsewhere.
Ideal mirror in this theory introduced as the following boundary condition:
φ(t, z(t)) = 0, (1)
which is the time-like curve — the mirror’s world–line z(t).
To overcome the aforementioned difficulties with non–ideal mirrors we also consider non-ideal mirror. The
action in this case is
S =
∫
dtdx
[
ηµν∂µφ∂νφ−m2φ2 − V (x)φ2
]
,
and the equations of motion are: (
∂2t − ∂2x +m2 + V (x)
)
φ(t, x) = 0. (2)
The potential barrier V (x) plays the role of the mirror. In particular we will consider V (x) = αδ(x). As is
explained in the paper such a mirror is transparent for high enough energy modes and reflects low energy ones.
The scale is set by the parameter α. Similar situation for the massless fields has been considered in [14], [15].
The paper is organized as follows. In the section 2 we consider the situation with the massless fields to set
up the notations. Free 2D massless fields in the presence of moving mirrors have been considered in many places
(see e.g. [16], [18]).
First, we find the modes of the massless field in the presence of standing ideal mirror. Second, we check the
commutation relations of the field operator and its conjugate momentum and find that they are different from
the canonical ones. This is true under the assumption that the creation and annihilation operators obey the
standard Heisenberg algebra. These problems appear due to the fact that the mirror is ideal. Third, we derive
the free Hamiltonian via the creation and annihilation operators and the expectation value of the stress–energy
tensor. Then, in the section 2 we continue with the consideration of the mirror moving with constant velocity
and perform the same steps as for the standing mirror. We point out the correct form of the free Hamiltonian
which is different from its usual form.
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In the section 3 we continue with the consideration of the massive fields in the presence of moving mirrors.
Here we also calculate the commutation relations of the field operator with the corresponding conjugate mo-
mentum. We do that for standing mirror and mirror moving with constant velocity and find that they do not
have the canonical form. Then we calculate the free Hamiltonian and the expectation value of the stress–energy
tensor.
In the section 4 we perform the same steps for the massive fields in the presence of standing and moving
non–ideal mirrors. In the case of non–ideal mirror we find that the field operator and its conjugate momentum
obey the canonical commutation relations. We conclude in the section 5.
2 Massless scalar field in presence of an ideal mirror
To set up the notations we start with the consideration of the massless scalars in the presence of a perfect
mirror. This is such a mirror that reflects modes with all momenta equally well.
2.1 Mirror at rest
Consider the case of massless scalar field with Dirichlet boundary condition φ(t, x) = 0. Equation of motion
for this field is
∂2t φ(t, x)− ∂2xφ(t, x) = 0. (3)
In the presence of mirror the mode expansion is as follows:
φ(t, x) = iA
+∞∫
0
dk√
2k
[
ak sin(kx)e
−ikt − a†k sin(kx)eikt
]
. (4)
If one uses the standard Heisenberg algebra for ak and a
†
k and sets A =
1
π
, then for the field φ(t, x) and its
conjugate momentum π(t, y) = ∂tφ(t, y) one finds the following commutation relations:
[φ(x), π(y)] = i
{
δ(x− y)− δ(x+ y)
}
, (5)
where in addition to the usual delta-function appears the boundary one δ(x + y), whose argument is equal to
zero only on the mirror surface (x = y = 0). The presence of such a boundary delta-function is related to the
absence of global hyperbolicity due to the mirror. Note that the quantum field theory in question is defined for
x, y > 0. First time such an event was encountered in [12]. We will discuss this point in the concluding section.
The Hamiltonian of the system is as follows:
H =
+∞∫
0
Tttdx =
1
2
+∞∫
0
[
π2 + (∂xφ)
2
]
dx,
or in terms of ak and a
†
k:
H =
+∞∫
0
dk
2π
k
2
(
aka
†
k + a
†
kak
)
. (6)
This Hamiltonian has the ordinary diagonal form. The only difference with respect to the empty space case is
that now k ≥ 0 (see also eq. (4)).
In this paper we are interested in the calculation of the expectation value of the stress-energy tensor:
Tµν =
1
2
{∂µφ, ∂νφ} − 1
2
ηµν
[1
2
ηαβ{∂αφ, ∂βφ} −m2φ2
]
, (7)
where { , } is the anticommutator. E.g. the vacuum expectation value of the flux is
〈Ttx〉 = 1
2
(
〈∂xφ(x, t), π(x, t)〉+ 〈π(x, t), ∂xφ(x, t)〉
)
, (8)
which is of particular interest for us and in the case under consideration it is equal to
〈Ttx〉 = 1
2
+∞∫
0
dk
2π
+∞∫
0
dk′
2π
(sin k′x cos kx− sinkx cos k′x)
2
√
kk′
δ(k − k′) = 0. (9)
Below we will encounter situations when the flux is not zero.
3
2.2 Mirror moving with constant velocity
In the presence of the moving mirror from the boundary condition φ(t,−βt) = 0 and the Klein-Gordon
equation ∂2t φ(t, x) − ∂2xφ(t, x) = 0 one can find the mode functions and write down the field operator via the
light cone coordinates u = t− x and v = t+ x as follows:
φ(t, x) = i
+∞∫
0
dk
2π
1√
2k
[
ak(e
−ikv − e−ikΩu)− a†k(eikv − eikΩu)
]
, Ω =
1− β
1 + β
. (10)
The commutation relations of the field φ(t, x) and its conjugate momentum π(t, y) are:
[φ(x), π(y)] = i
{
δ(x− y)− Ω
2
δ
[
x+Ωy + t(1− Ω)
]
− 1
2
δ
[
t(Ω− 1)− Ωx− y
]}
. (11)
The last two delta-functions on the RHS are the boundary ones, i.e. relevant only for x = y = −βt.
The Hamiltonian is defined as:
H =
1
2
+∞∫
−βt
dx
[
π2 + (∂xφ)
2
]
. (12)
Direct calculation shows that it has non-diagonal akak and a
†
ka
†
k contributions. Moreover, the coefficients of
these non-diagonal parts are time-dependent. Namely, in terms of aˆk and aˆ
†
k operators the Hamiltonian contains
the following terms:
∆H =
iβ
1 + β
+∞∫
0
+∞∫
0
dk
2π
dk′
2π
√
kk′(k + k′)e−i(k+k
′)(1−β)t
(k + k′)2 + ǫ2
akak′ + h.c.,
where we have introduced the regularization parameter ǫ to regulate the integration over x.
The same sort of non-diagonal contributions has also the momentum operator of the system P =
+∞∫
−βt
dxTtx.
However, the operator which is responsible for the translations along the mirror world-line, i.e.
Hproper = H − βP, (13)
is diagonal and time independent. In fact, in terms of aˆk and aˆ
†
k the proper Hamiltonian has the following form:
Hproper = (1 − β)
+∞∫
0
dk
2π
k
2
(
aka
†
k + a
†
kak
)
. (14)
Such a discussion will be important for the case of massive fields. Furthermore, to compute the vacuum
expectation value of the flux, we use the point-splitting regularization. The result is
〈Ttx〉 = lim
ǫ→0
1
2
〈
∂tφ(t, x)∂xφ(t+ iǫ, x) + ∂xφ(t, x)∂tφ(t+ iǫ, x)
〉
= lim
ǫ→0
+∞∫
0
dk
2π
k
2
(
e−kǫ − Ω2e−kΩǫ
)
= 0. (15)
As it should be, mirror moving with constant velocity does not generate a particle flux.
3 Massive scalar field in the presence of an ideal mirror
We continue our considerations with the discussion of massive fields in the presence of standing and moving
ideal mirrors.
3.1 Mirror at rest
First, consider the case of the simplest boundary condition, i.e. the case of mirror at rest. In such a case
the modes are as follows:
φ(t, x) = i
+∞∫
0
dk
2π
√
2
ω
(
ak sin(kx)e
−iωt − a†k sin(kx)eiωt
)
, (16)
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and the conjugate momentum is
π(t, x) = ∂tφ(t, x) =
+∞∫
0
dk
2π
√
2ω
(
ak sin(kx)e
−iωt + a†k sin(kx)e
iωt
)
, (17)
where the dispersion relation for the massive field is ω =
√
k2 +m2.
The commutation relations between φ(t, x) and π(t, y) are as follows:
[φ(t, x), π(t, y)] = i
{
δ(x− y)− δ(x+ y)
}
, (18)
if we assume the standard Heisenberg algebra for ak and a
†
k. Thus, similarly to the case of the massless field
on top of the ordinary delta-function there is the boundary one.
The Hamiltonian has the ordinary diagonal form:
H =
1
2
+∞∫
0
(
π2 + (∂xφ)
2 +m2φ2
)
dx =
+∞∫
0
dk
2π
ω
2
(
aka
†
k + a
†
kak
)
. (19)
Please note that the region of integration over the momenta is k > 0, unlike the case of empty space, where
k ∈ (−∞,+∞).
The vacuum expectation value of the flux is
〈Ttx〉 = 1
2
+∞∫
0
dk
2π
+∞∫
0
dk′
2π
(sin k′x cos kx− sinkx cos k′x)
2
√
ωω′
δ(k − k′) = 0, (20)
as it should be in the presence of standing mirror.
Now let us turn to the less trivial case of mirror moving with constant velocity.
3.2 Mirror moving with constant velocity
3.2.1 Modes
Consider a mirror which moves with a velocity β < 1. To find the modes in such a case we do the Lorentz
boost (x, t)→ (x′, t′). After the boost the modes change as
h(t, x) = iA
(
e−iω+t
′−ik+x′ − e−iω−t′+ik−x′), (21)
where ω+ = ωγ + βγk, ω− = ωγ − βγk, k+ = γk+ βγω and k− = γk− βγω. The minimal value of ω+ and k+
is γm and βγm, correspondingly, (ω+, k+) and (ω−, k−) are the energy and momentum of the waves that are
falling and reflected from the mirror, correspondingly.
In the following we change the notations as (ω+, k+)→ (ω, k), (ω−, k−)→ (ωr, kr). The frequency and the
wave vector of the falling and reflected waves obey the following relation:
ωr = (1 + β
2)γ2ω − 2βγ2k, (22)
kr = −2βγ2ω + (1 + β2)γ2k, (23)
where the reflected wave obviously has the same dispersion relation k2r +m
2 = ω2r and γ
2 = 11−β2 .
The field operator is
φ(t, x) = iA
+∞∫
γβm
dk
2π
1√
2ω
[
ak
(
e−iωt−ikx − e−iωrt+ikrx)− a†k(eiωt+ikx − eiωrt−ikrx)], (24)
where A is a normalization constant, to be determined from the commutation relations. It is straightforward
to check that modes obey the K-G equation and the appropriate boundary conditions.
Note that the integration over the momentum k in the integral (24) is cut from below by γβm, which
physically corresponds to the fact that modes with momenta k < γβm cannot catch up with the mirror, i.e. for
lower values of momenta the reflected wave simply does not exist.
Also, it is easy to see that when ω = k,m = 0 the modes in (24) reduce to their massless form, which was
considered above.
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3.2.2 Commutation relations
In this section we check if the field and its conjugate momentum obey the canonical commutation relations
or not. The conjugate momentum to the field (24) is
π(t, x) = A
+∞∫
γβm
dk
2π
1√
2ω
ak
[
ωe−iωt−ikx − ωre−iωrt+ikrx
]
+ h.c. (25)
Then the commutation relations are as follows:
[φ(t, x), π(t, y)] = iA2
+∞∫
γβm
dk
2π
1
2ω
(
e−iωt−ikx − e−iωrt+ikrx
)[
ωeiωt+iky − ωreiωrt−ikry
]
+ iA2 · h.c. =
=
iA2
2
+∞∫
γβm
dk
2π
(
eik(y−x) +
ωr
ω
eikr(x−y)
)
− iA
2
2
+∞∫
γβm
dk
2π
(
e−i(ωr−ω)t+ikrx+iky +
ωr
ω
ei(ωr−ω)t−ikx−ikry
)
+
iA2
2
· h.c.
It can be checked that dk
ω
= dkr
ωr
, using this we find that
+∞∫
γβm
dk
2π
(
eik(y−x) +
ωr
ω
eikr(x−y)
)
=
+∞∫
γβm
dk
2π
eik(y−x) +
+∞∫
−γβm
dkr
2π
eikr(x−y) =
+∞∫
−∞
dk
2π
eik(x−y) = δ(x− y).
Then if A = 1, the commutation relations have the form
[φ(x), π(y)] = iδ(x− y)− i
2
+∞∫
γβm
dk
2π
[
e−i(ωr−ω)t+ikrx+iky +
ωr
ω
ei(ωr−ω)t−ikx−ikry
]
−
− i
2
+∞∫
γβm
dk
2π
[
ei(ωr−ω)t−ikrx−iky +
ωr
ω
e−i(ωr−ω)t+ikx+ikry
]
.
The last integral can be transformed into the following form
+∞∫
γβm
dk
2π
(
e−i(ωr−ω)t+ikrx+iky +
ωr
ω
ei(ωr−ω)t−ikx−ikry
)
=
+∞∫
γβm
dk
2π
e−i(ωr−ω)t+ikrx+iky+
+
+∞∫
−γβm
dkr
2π
ei(ωr−ω)t−ikx−ikry =
{
kr → −kr, k → −k
}
=
+∞∫
−∞
dk
2π
e−i(ωr−ω)t+ikrx+iky,
where to obtain the last equality we have used that kr is a homogeneous function of k.
Hence,
[φ(x), π(y)] = iδ(x− y)− i
2
+∞∫
−∞
dk
2π
e−i(ωrt−krx)+i(ωt+ky) − i
2
+∞∫
−∞
dk
2π
ei(ωrt−krx)−i(ωt+ky). (26)
If we introduce the notations A = 2γ2βt+ (1 + β2)γ2x+ y and B = 2γ2β2t+2βγ2x and use the regularization
B → B − iǫ, as ǫ→ 0, then
+∞∫
−∞
dkeiAk−(iB+ǫ)ωdk = 2
+∞∫
0
dk cos(Ak)e−(iB+ǫ)
√
k2+m2 .
Similarly one can represent the second integral on the RHS of (26) as:
+∞∫
−∞
dk
2π
ei(ωrt−krx)−i(ωt+ky) = 2
+∞∫
0
dk cos(Ak)e−(−iB+ǫ)
√
k2+m2 .
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Using the following table integral:
+∞∫
0
dk cos(Ak)e−C
√
k2+m2 =
Cm√
A2 + C2
K1(m
√
A2 + C2) where Re(C), Re(m)>0, (27)
where K1(x) is the modified Bessel function of the second kind, we obtain that the two integrals on the RHS of
(26) are equal to
2mǫ
[K1(m√A2 + (iB + ǫ)2)√
A2 + (iB + ǫ)2
+
K1(m
√
A2 + (ǫ− iB)2)√
A2 + (ǫ − iB)2
]
+
+2iBm
[K1(m√A2 + (iB + ǫ)2)√
A2 + (iB + ǫ)2
− K1(m
√
A2 + (ǫ− iB)2)√
A2 + (ǫ − iB)2
]
.
To evaluate this expression, first, consider the case of x, y 6= −βt; A,B 6= 0. Then the first term in the sum is
zero because it is just a product of ǫ→ 0 and some finite number. At the same time the second term is
2iBm
[K1(m√|A2 −B2 + ǫ2 + 2iBǫ|ei 12 (ϕ+2πn))√
|A2 −B2 + ǫ2 + 2iBǫ|ei 12 (ϕ+2πn) −
K1(m
√
|A2 −B2 + ǫ2 − 2iBǫ|ei 12 (−ϕ+2πn))√
|A2 −B2 + ǫ2 − 2iBǫ|ei 12 (−ϕ+2πn)
]
,
where the square root is understood as the multi-valued function and ϕ = arctan
[
2ǫB
A2−B2+ǫ2
]
. Here n is either
0 or 1. Hence, in the limit ǫ → 0 one has ϕ → 0 and the second term is also vanishing. That is true even for
the case when A = B = 0.
Now consider the case when both points are on the mirror x = y = −βt; for such x and y we have A = B = 0.
We will be accurately taking the limit A,B → 0. Using the limit K1(z)→ Γ(1)2 2z = 1z , as z → 0, we obtain that
2mǫ
[K1(m√A2 + (iB + ǫ)2)√
A2 + (iB + ǫ)2
+
K1(m
√
A2 + (ǫ − iB)2)√
A2 + (ǫ− iB)2
]
+2iBm
[K1(m√A2 + (iB + ǫ)2)√
A2 + (iB + ǫ)2
−K1(m
√
A2 + (ǫ− iB)2)√
A2 + (ǫ − iB)2
]
→
2mǫ
[ 1
m(A2 + (iB + ǫ)2)
+
1
m(A2 + (ǫ− iB)2)
]
+ 2iBm
[ 1
m(A2 + (iB + ǫ)2)
− 1
m(A2 + (ǫ − iB)2)
]
=
= 4ǫ
A2 +B2 + ǫ2
(A2 −B2 + 2iBǫ)(A2 −B2 − 2iBǫ) =
2(A2 +B2)
B
ǫ
(A2 −B2)2 + ǫ2 =
2(A2 +B2)
B
πδ(A2 −B2) =
2π
[
δ(A+B) + δ(A−B)
]
Thus, in such a case in the commutation relations we also obtain the boundary contribution to the RHS, which
are not zero only on the mirror.
Finally, the commutation relations are:
[φ(t, x), π(t, y)] = i
{
δ
(
x−y)− 1
2
δ
[
2γ2β(1−β)t+(1−β)2γ2x+y]− 1
2
δ
[
2γ2β(1+β)t+(1+β)2γ2x+y
]}
. (28)
3.3 The free Hamiltonian
The proper Hamiltonian for massive field in the presence of moving mirror is:
Hproper =
1
2
+∞∫
−βt
[
π2 + (∂xφ)
2 +m2φ2
]
dx− β
2
{ +∞∫
−βt
π(x)∂xφ(x)dx +
+∞∫
−βt
∂xφ(x)π(x)dx
}
.
As was explained in the case of massless fields above the proper Hamiltonian should has the following form:
Hproper = H−βP , where P is the momentum operator and H is the standard Hamiltonian. Using the equations
of motion we can rewrite it as follows:
H =
1
2
+∞∫
−βt
[
(∂tφ)
2 − φ∂2t φ
]
dx +
1
2
φ∂xφ
∣∣∣∞
−βt
− βP = 1
2
+∞∫
−βt
[
(∂tφ)
2 − φ∂2t φ
]
dx− βP, (29)
where
P =
1
2
+∞∫
−βt
[
∂tφ∂xφ+ ∂xφ∂tφ
]
dx.
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The operators that appear in these expressions are:
φ(t, x) = i
+∞∫
γβm
dk
2π
1√
2ω
[
ak
(
e−iωt−ikx − e−iωrt+ikrx
)
− a†k
(
eiωt+ikx − eiωrt−ikrx
)]
,
∂xφ(t, x) =
+∞∫
γβm
dk
2π
1√
2ω
[
ak
(
ke−iωt−ikx + kre−iωrt+ikrx
)
+ a†k
(
keiωt+ikx + kre
iωrt−ikrx
)]
,
∂tφ(t, x) =
+∞∫
γβm
dk
2π
1√
2ω
[
ak
(
ωe−iωt−ikx − ωre−iωrt+ikrx
)
+ a†k
(
ωeiωt+ikx − ωreiωrt−ikrx
)]
,
∂2t φ(t, x) = −i
+∞∫
γβm
dk
2π
1√
2ω
[
ak
(
ω2e−iωt−ikx − ω2re−iωrt+ikrx
)
− a†k
(
ω2eiωt+ikx − ω2reiωrt−ikrx
)]
.
Now we will calculate different contributions to the Hamiltonian separately.
3.3.1 Non-diagonal akak′ and a
†
ka
†
k′ parts
Consider the contributions to the akak′ terms:
1
4
+∞∫
−βt
dx
+∞∫
γβm
+∞∫
γβm
dk
2π
dk′
2π
akak′
ωω′ − ω′2 − β(ωk′ + kω′)√
ωω′
e−i(ω+ω
′)t−i(k+k′)x+
+
1
4
+∞∫
−βt
dx
+∞∫
γβm
+∞∫
γβm
dk
2π
dk′
2π
akak′
−ωω′r + ω′2r − β(ωk′r − kω′r)√
ωω′
e−i(ω+ω
′
r)t+i(k
′
r−k)x+
+
1
4
+∞∫
−βt
dx
+∞∫
γβm
+∞∫
γβm
dk
2π
dk′
2π
akak′
−ωrω′ + ω′2 − β(krω′ − ωrk′)√
ωω′
e−i(ω
′+ωr)t+i(kr−k′)x+
+
1
4
+∞∫
−βt
dx
+∞∫
γβm
+∞∫
γβm
dk
2π
dk′
2π
akak′
ωrω
′
r − ω′2r + β(ωrk′r + krω′r)√
ωω′
e−i(ωr+ω
′
r)t+i(kr+k
′
r)x
Integrating over x and using ω−βk = ωr+βkr, one can see that there is the same exponent e−i(ω+ω′)t+iβ(k+k′)t
in every member of the last sum. After the integration over x we obtain the following expression multiplying
the exponent:
ωω′ − ω′2 − β(ωk′ + kω′)
k + k′ − iǫ −
−ωω′r + ω′2r − β(ωk′r − kω′r)
k′r − k + iǫ
− −ωrω
′ + ω′2 − β(krω′ − ωrk′)
kr − k′ + iǫ −
−ωrω
′
r − ω′2r + β(ωrk′r + krω′r)
kr + k′r + iǫ
,
(30)
where we have introduced the following regularization: ei(ω
′−ω)t+i(k′−k)x → ei(ω′−ω)t+i(k′−k+iǫ)x.
Below we will use the following relations:
ω − ωr = 2βγ2(k − βω),
ω + ωr = 2γ
2(ω − βk),
kωr − ωkr = 2γ2βm2,
kωr + ωkr = 2γ
2(ω − βk)(k − βω),
k − kr = 2βγ2(ω − βk),
k + kr = 2γ
2(k − βω).
Then, it is straightforward to show that in (30) we have:
Sum1 =
ωω′ − ω′2
k + k′ − iǫ−
−ωω′r + ω′2r
k′r − k + iǫ
=
2γ2ω(ω′ − βk′)(k′ − βω′)− 2βγ2ωk(k′ − βω′) + 4βγ4k(k′ − βω′)(ω′ − βk′)
(k + k′ − iǫ)(k′r − k + iǫ)
−
8
− ω
′2k′r + ω
′2
r k
′
(k + k′ − iǫ)(k′r − k + iǫ)
+
iǫ[2βγ2(k′ − βω′)− 4βγ4(k′ − βω′)(ω′ − βk′)]
(k + k′ − iǫ)(k′r − k + iǫ)
.
Using δ(x) = lim
ǫ→0
ǫ
π(x2+ǫ2) and xδ(x) = 0, we conclude that
lim
ǫ→0
iǫ
[
2βγ2(k′ − βω′)− 4βγ4(k′ − βω′)(ω′ − βk′)]
(k + k′ − iǫ)(k′r − k + iǫ)
=
=
i
[
2βγ2(k′ − βω′)− 4βγ4(k′ − βω′)(ω′ − βk′)](k + k′)(k′r − k)δ(k + k′)
(k′r − k)2
= 0.
Similarly one can show that all terms in the sum under discussion that contain ǫ in the enumerator do vanish.
Hence, below we do not show them.
Then one can show that in (30) we have:
Sum2 = −−ωrω
′ + ω′2
kr − k′ + iǫ −
ωrω
′
r − ω′2r
kr + k′r + iǫ
=
2γ2ωr(ω
′ − βk′)(k′ − βω′) + 2βγ2ωrkr(k′ − βω′)− 4βγ4kr(k′ − βω)(ω′ − βk′)
(kr − k′ + iǫ)(kr + k′r + iǫ)
−
− ω
′2k′r + ω
′2
r k
′
(kr − k′ + iǫ)(kr + k′r + iǫ)
,
and
Sum3 = β
[ ωk′r − kω′r
k′r − k + iǫ
− ωk
′ + kω′
k + k′ − iǫ
]
= β
2γ2ωk(k′ − βω′) + 2βγ2k2(k′ − βω′)− 2γ2k(k′ − βω′)(ω′ − βk′)
(k + k′ − iǫ)(k + k′ − iǫ) ,
and
Sum4 = β
[ω′kr − k′ωr
kr − k′ + iǫ−
ωrk
′
r + krω
′
r
kr + k′r + iǫ
]
= β
−2γ2ωrkr(k′ − βω′) + 2βγ2k2r(k′ − βω′) + 2γ2kr(k′ − βω)(ω′ − βk′)
(kr − k′ + iǫ)(kr + k′r + iǫ)
.
Then,
Sum1 + Sum3 =
2β2γ2k2(k′ − βω′) + (ω − βk + 2βγ2k)2γ2(k′ − βω′)(ω′ − βk′)
(k + k′ − iǫ)(k′r − k + iǫ)
− ω
′2k′r + ω
′2
r k
′
(k + k′ − iǫ)(k′r − k + iǫ)
,
and
Sum2+Sum4 =
2β2γ2k2r(k
′ − βω′) + (ωr + βkr − 2βγ2kr)2γ2(k′ − βω′)(ω′ − βk′)
(kr − k′ + iǫ)(kr + k′r + iǫ)
− ω
′2k′r + ω
′2
r k
′
(kr − k′ + iǫ)(kr + k′r + iǫ)
.
Using that:
ω′2k′r + ω
′2
r k
′ = 2γ2(k′ − βω′)(ω′2 − βk′ω′ − βk′ω′r) = = 2γ2(k′ − βω′)
[
ω′2 − 2βγ2k′(ω′ − βk′)],
we obtain that:
Sum2 + Sum4 = 2γ
2(k′ − βω′)β
2k2r + (ωr + βkr − 2βγ2kr)(ω′ − βk′)− [ω′2 − 2βγ2k′(ω′ − βk′)]
(kr − k′ + iǫ)(kr + k′r + iǫ)
,
and
Sum1 + Sum3 = 2γ
2(k′ − βω′)β
2k2 + (ω − βk + 2βγ2k)(ω′ − βk′)− [ω′2 − 2βγ2k′(ω′ − βk′)]
(k + k′ − iǫ)(k′r − k + iǫ)
.
Hence,
Sum1 + Sum2 + Sum3 + Sum4 = 2γ
2(k′ − βω′)
[
β2k2r
(kr − k′ + iǫ)(kr + k′r + iǫ)
+
β2k2
(k + k′ − iǫ)(k′r − k + iǫ)
+
+
(
(ω − βk)(ω′ − βk′)− ω′2 + 2βγ2k′(ω′ − βk′)
)( 1
(kr − k′ + iǫ)(kr + k′r + iǫ)
+
1
(k + k′ − iǫ)(k′r − k + iǫ)
)
+
+2βγ2(ω′ − βk′)
( k
(kr − k′ + iǫ)(kr + k′r + iǫ)
− kr
(k + k′ − iǫ)(k′r − k + iǫ)
)]
.
After the transformation of the last expression into one fraction, its enumerator has the following form:
Enumerator = 8βγ6(k′ − βω′)
[
− β2(k − βω)
(
kkr(ω
′ − βk′) + k′k′r(ω − βk)
)
−
9
−(k−βω)(ω−βk+ω′−βk′)
(
(ω−βk)(ω′−βk′)−ω′2+2βγ2k′(ω′−βk′)
)
+(ω′−βk′)
(
(k−βω)(kkr−k′k′r)
)]
.
We now show that this enumerator is equal to zero. In this expression, we have:
kkr − k′k′r = γ2(ω − βk)2 − γ2(ω′ − βk′)2 = γ2
(
ω − βk + ω′ − βk′
)(
ω − βk − ω′ + βk′
)
,
kkr(ω
′ − βk′) + k′k′r(ω − βk) = γ2
(
ω − βk + ω′ − βk′
)[
(ω − βk)(ω′ − βk′)−m2
]
,
where we have used that kkr = γ
2
(
(ω − βk)2 −m2
)
.
Then we simplify the enumerator:
Enumerator = 8βγ6(k′ − βω′)(k − βω)(ω − βk + ω′ − βk′)×
×
[
−β2γ2
(
(ω−βk)(ω′−βk′)−m2
)
−(ω−βk)(ω′−βk′)+ω′2−2βγ2k′(ω′−βk′)+γ2(ω′−βk′)(ω−βk−ω′+βk′)
]
=
= 8βγ6(k′ − βω′)(k − βω)(ω − βk + ω′ − βk′)
(
β2γ2m2 + ω′2 − 2βγ2k′(ω′ − βk′)− γ2(ω′ − βk′)2
)
=
= 8βγ8(k′ − βω′)(k − βω)(ω − βk + ω′ − βk′)(ω′ − βk′)
(
ω′ + βk′ − 2βk′ − (ω′ − βk′)
)
= 0,
where we have used that m2 = ω′2 − k′2.
So, the expression (30) is exactly zero. Thus, we have shown that akak′ and a
†
ka
†
k′ terms in Hamiltonian are
vanishing.
3.3.2 Diagonal aka
†
k′ and a
†
kak′ parts
The aka
†
k′ terms, in the Hamiltonian are as follows:
1
4
+∞∫
−βt
dx
+∞∫
γβm
+∞∫
γβm
dk
2π
dk′
2π
aka
†
k′
ωω′ + ω′2 − β(ωk′ + kω′)√
ωω′
ei(ω
′−ω)t+i(k′−k)x+
+
1
4
+∞∫
−βt
dx
+∞∫
γβm
+∞∫
γβm
dk
2π
dk′
2π
aka
†
k′
−ωω′r − ω′2r − β(ωk′r − kω′r)√
ωω′
ei(ω
′
r−ωr)t−i(k′r+k)x+
+
1
4
+∞∫
−βt
dx
+∞∫
γβm
+∞∫
γβm
dk
2π
dk′
2π
aka
†
k′
−ωrω′ − ω′2 − β(krω′ − ωrk′)√
ωω′
ei(ω
′−ωr)t+i(kr+k′)x+
+
1
4
+∞∫
−βt
dx
+∞∫
γβm
+∞∫
γβm
dk
2π
dk′
2π
aka
†
k′
ωrω
′
r + ω
′2
r + β(ωrk
′
r + krω
′
r)√
ωω′
ei(ω
′
r−ωr)t−i(k′r−kr)x.
(31)
We have to introduce a regularization into this expression. In the massless case we have introduced the reg-
ularization as follows: eiΩ(t−x)(k
′−k) → eiΩ(t−x)(k′−k+iǫ), where Ω = 1−β1+β . Hence in the massive case we also
introduce a similar regularization: ei(ω
′
r−ωr)t−i(k′r−kr)x → ei(ω′r−ωr)t−i(k′r−kr−iΩǫ)x. In such a case the Hamilto-
nian in the massive case will reduce to the massless one in the limit m→ 0.
After the integration over x and use of ω − βk = ωr + βkr we obtain the same exponent ei(ω′−ω)t−iβ(k′−k)t
in each member of the sum in (31). Also after the integration over x one has the following sum multiplying the
exponent:
Sum = −i
[
− ωω
′ + ω′2 − β(ωk′ + kω′)
k′ − k + iǫ +
−ωω′r − ω′2r − β(ωk′r − kω′r)
k′r + k − iǫ
−
−−ωrω
′ − ω′2 − β(krω′ − ωrk′)
kr + k′ + iǫ
+
ωrω
′
r + ω
′2
r + β(ωrk
′
r + krω
′
r)
k′r − kr − iΩǫ
e(Ω−1)ǫβt
]
.
(32)
In the exponent in the last term here one can safely put ǫ = 0.
Below for convenience we split the computation of the expression above into several steps. Then in the
expression under consideration there are terms as follows:
iSum1 = − ωω
′ + ω′2
k′ − k + iǫ+
−ωω′r − ω′2r
k′r + k − iǫ
= −2γ
2ω(ω′ − βk′)(k′ − βω′) + 2βγ2ωk(k′ − βω′) + 4βγ4k(k′ − βω′)(ω′ − βk′)
(k′ − k + iǫ)(k′r + k − iǫ)
−
10
−
2γ2(k′ − βω′)
(
ω′2 − 2βγ2k′(ω′ − βk′)
)
(k′ − k + iǫ)(k′r + k − iǫ)
+
iǫ
[
ω(ω′ − ω′r) + ω′2 − ω′2r
]
(k′ − k + iǫ)(k′r + k − iǫ)
.
Further one should pay attention to the members of the sum containing iǫ in the enumerator, because exactly
these terms will give non-zero diagonal contributions to the Hamiltonian. Also in (32) there are contributions
as follows:
iSum2 =
ωrω
′ + ω′2
kr + k′ + iǫ
+
ωrω
′
r + ω
′2
r
k′r − kr − iΩǫ
=
2γ2ωr(ω
′ − βk′)(k′ − βω′)− 2βγ2ωrkr(k′ − βω′)− 4βγ4kr(k′ − βω′)(ω′ − βk′)
(kr + k′ + iǫ)(k′r − kr − iΩǫ)
+
+
2γ2(k′ − βω′)
(
ω′2 − 2βγ2k′(ω′ − βk′)
)
(kr + k′ + iǫ)(k′r − kr − iΩǫ)
−
iǫ
[
ωr(ω
′
r − Ωω′) + ω′2r − Ωω′2
]
(kr + k′ + iǫ)(k′r − kr − iΩǫ)
;
iSum3 = β
[
− ωk
′
r − kω′r
k′r + k − iǫ
+
ωk′ + kω′
k′ − k + iǫ
]
= β
2γ2ωk(k′ − βω′) + 2βγ2k2(k′ − βω′) + 2γ2k(k′ − βω′)(ω′ − βk′)
(k′r + k − iǫ)(k′ − k + iǫ)
−
−
iǫβ
[
k(ω′ − ω′r) + ω(k′ + k′r)
]
(k′r + k − iǫ)(k′ − k + iǫ)
;
iSum4 = β
[
ω′kr − k′ωr
kr + k′ + iǫ
+
ωrk
′
r + krω
′
r
k′r − kr − iǫ
]
= β
2γ2ωrkr(k
′ − βω′)− 2βγ2k2r(k′ − βω′) + 2γ2kr(k′ − βω′)(ω′ − βk′)
(kr + k′ + iǫ)(k′r − kr − iǫ)
+
+
iǫ2β
[
kr(ω
′
r − Ωω′) + ωr(k′r +Ωk)
]
(kr + k′ + iǫ)(k′r − kr − iΩǫ)
.
It can be shown that in each sum Sum1,2,3,4 after the multiplication of the enumerator by the expression which
is complex conjugate to the denominator and combining all the terms that are proportional to ǫ, one will obtain
expressions which have the form xδ(x) = 0 in the limit ǫ→ 0. Hence, one can drop such terms.
Then, we simplify the rest:
i(Sum1 + Sum3) = 2γ
2(k′ − βω′) (ω
′ − βk′)(βk′ − ω − 2βγ2k + 2βγ2k′) + β2k2 − ω′2
(k′ − k + iǫ)(k′r + k − iǫ)
,
i(Sum2 + Sum4) = 2γ
2(k′ − βω′) (ω
′ − βk′)(βkr + ωr − 2βγ2kr − 2βγ2k′r)− β2k2r + ω′2
(k′ + kr + iǫ)(k′r − kr − iΩǫ)
,
and then the full sum is as follows:
iSum = i(Sum1 + Sum2 + Sum3 + Sum4) = 8βγ
6(k′ − βω′)(k − βω)(ω − βk − ω′ + βk′)×
×
−β2γ2
(
(ω − βk)(ω′ − βk′) +m2
)
+ γ(ω − βk + ω′ − βk′)(ω′ − βk′)− (ω′ − βk′)(ω − βk − 2βγ2k′)− ω′2
(k′ − k + iǫ)(k′r + k − iǫ)(k′ + kr + iǫ)(k′r − kr − iΩǫ)
+
+8γ4(k′ − βω′)(k − βω)iǫ×
×
(ω − βk)(ω′ − βk′)− 2βγ2k′(ω′ − βk′) + ω′2 − β2
[
2β2γ4(ω − βk)(ω′ − βk′) + (ω − βk)2 −m2γ2
]
+ 2β2γ4(ω′ − βk′)2
(k′ − k + iǫ)(k′r + k − iǫ)(k′ + kr + iǫ)(k′r − kr − iΩǫ)
+
+2γ2(k′ − βω′)(1 − Ω)iǫ×
×
−
[
(ω − βk)(ω′ − βk′)− 2βγ2k′(ω′ − βk′) + ω′2
]
(k′ + kr) + β2(k′k2 + krk2)− 2βγ2(ω′ − βk′)(kkr + kk′)
(k′ − k + iǫ)(k′r + k − iǫ)(k′ + kr + iǫ)(k′r − kr − iΩǫ)
.
(33)
The enumerator of the first contribution to the sum in the last expression is almost the same as in akak′ term.
Then,
−β2γ2
(
(ω − βk)(ω′ − βk′) +m2
)
+ γ(ω − βk + ω′ − βk′)(ω′ − βk′)− (ω′ − βk′)(ω − βk − 2βγ2k′)− ω′2 =
= −β2γ2m2 + γ(ω′ − βk′)2 + 2βγ2k′(ω′ − βk′)− ω′2 = γ2(ω′ − βk′)(ω′ + βk′ − ω′ + βk′ − 2βk′) = 0
At the same time, the second contribution in (33) is
8γ4(k′ − βω′)(k − βω)iǫ×
×
(ω − βk)(ω′ − βk′)− 2βγ2k′(ω′ − βk′) + ω′2 − β2
[
2β2γ4(ω − βk)(ω′ − βk′) + (ω − βk)2 −m2γ2
]
+ 2β2γ4(ω′ − βk′)2
(k′ − k + iǫ)(k′r + k − iǫ)(k′ + kr + iǫ)(k′r − kr − iΩǫ)
=
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8γ4(k′ − βω′)(k − βω)iπδ(k′ − k)×
×
[
(ω − βk)2(1 − 2β4γ4 − β2γ2 + 2β2γ4)− 2βγ2k(ω − βk) + ω2 +m2γ2β2
]
(k′r + k)(k
′ + kr)(k′r − kr)(k′ − k)
(k′r + k)2(k′ + kr)2(k′r − kr)2
=
8γ6(k′−βω′)(k−βω)
[
(ω − βk)2 − 2βk(ω − βk) + (ω − βk)(ω + βk)
]
(k′ − k)
(k′r + k)(k′ + kr)(k′r − kr)
iπδ(k′−k) = 4γ2(ω−βk)2 k
′ − k
k′r − kr
iπδ(k′−k),
where we have used that δ(x) = lim
ǫ→0
ǫ
π(x2+ǫ2) . The last expression can be transformed as
k′ − k
k′r − kr
δ(k′ − k) = k
′ − k
(k′ − k)γ2(1 + β2)− 2βγ2(ω′ − ω)
ω′ + ω
ω′ + ω
δ(k′ − k) =
(k′ − k)(ω′ + ω)
γ2(k′ − k)
(
(1 + β2)(ω′ + ω)− 2β(k′ + k)
)δ(k′ − k) = ω
ωr
δ(k′ − k),
and the second member of the expression (33) is 4γ2(ω − βk)2 ω
ωr
iπδ(k′ − k).
Finally, the last member of the expression (33) is
2γ2(k − βω)(Ω− 1)(k + kr)
[
(ω − βk)2 + ω2 − β2k2
]
(k′r + k)(k
′ + kr)(k′r − kr)(k′ − k)
(k′r + k)2(k′ + kr)2(k′r − kr)2
iπδ(k′ − k) =
− 2β
1 + β
(ω − βk)2ω ω
ωr
iπδ(k′ − k).
Combining all these terms together, we obtain that the Hamiltonian for the massive field in the presence of the
mirror is
H =
+∞∫
γβm
dk
2π
γ2(ω − βk)
(
ω − βk − β(1 − β)ω
)
2ωr
(
aka
†
k + a
†
kak
)
, (34)
where ωr = (1 + β
2)γ2ω − 2βγ2k.
One can see that when k = ω,m = 0 the Hamiltonian reduces to
H = (1− β)
+∞∫
0
dk
2π
k
2
(
aka
†
k + a
†
kak
)
,
i.e. into the Hamiltonian for massless field.
Also note that on the lower limit of integration over k the integrand in (34) is equal to γ
2(ω−βk)(ω−βk−β(1−β)ω)
2ωr
∣∣∣
k=γβm
=
m
2
√
1−β
1+β .
3.4 The stress-energy flux
Using the mode decomposition of the field operator, the vacuum expectation value of the flux can be
represented as
〈0|Ttx|0〉 =
+∞∫
γβm
dk
2π
ke−ωǫ −
+∞∫
γβm
dk
2π
krωr
ω
e−ωrǫ−
−γ2βm2
+∞∫
γβm
dk
2π
ei(ωr−ω)t−i(kr+k)x−ωrǫ
ω
− γ2βm2
+∞∫
γβm
dk
2π
e−i(ωr−ω)t+i(kr+k)x−ωǫ
ω
.
Then, using dk
ω
= dkr
ωr
, we obtain
〈0|Ttx|0〉 = −γ2βm2
( +∞∫
γβm
dk
2π
ei(ωr−ω)t−i(kr+k)x−ωrǫ
ω
+
+∞∫
γβm
dk
2π
e−i(ωr−ω)t+i(kr+k)x−ωǫ
ω
)
.
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Consider the first integral in this expression. Make the change ωr = ω
′ and kr = k′, then k = γ2[(1+β2)k′+2βω′]
and ω = γ2[(1 + β2)ω′ + 2βk′]. One can rewrite this integral as:
+∞∫
γβm
dk
2π
ei(ωr−ω)t−i(kr+k)x−ωrǫ
ω
=
+∞∫
−γβm
dk′
2π
ei(ω
′−γ2[(1+β2)ω′+2βk′])t−i(k′+γ2[(1+β2)k′+2βω′])x−ω′ǫ
ω′
=
=
{
k′ → −k′} =
γβm∫
−∞
dk′
2π
e−i(ω
′
r−ω′)t+i(k′r+k′)x−ω′ǫ
ω′
=
γβm∫
−∞
dk
2π
e−i(ωr−ω)t+i(kr+k)x−ωǫ
ω
.
As a result, we obtain the following expression:
〈0|Ttx|0〉 = −γ2βm2
+∞∫
−∞
dk
2π
ei2γ
2(k−βω)(βt+x)−ωǫ
ω
. (35)
We rewrite it as
+∞∫
−∞
dk
π
eiAk−iB
√
k2+1
2
√
k2 + 1
=
+∞∫
0
dk
π
cos(Ak)√
k2 + 1
e−iB
√
k2+1 =
+∞∫
0
dk
π
cos(Ak)√
k2 + 1
cos
(
B
√
k2 + 1
)
+
+∞∫
0
dk
π
cos(Ak)√
k2 + 1
sin
(
B
√
k2 + 1
)
,
where we have changed k → mk and introduced the following notations: A = 2mγ2(x+βt) and B = 2mγ2β(x+
βt− iǫ).
Using the table integrals:
+∞∫
0
dk
cos(Ak)√
k2 + 1
cos
(
B
√
k2 + 1
)
= K0
(√
A2 −B2
)
, where A > |B| > 0, (36)
+∞∫
0
dk
cos(Ak)√
k2 + 1
sin
(
B
√
k2 + 1
)
= 0, where A > |B| > 0, (37)
where K0 is the modified Bessel Function of the second kind, we obtain that:
〈0|Ttx|0〉 = − 1
π
γ2βm2K0
(
2mγ2
√
(βt+ x)2 − β2(βt+ x− iǫ)2
)
.
In the limit ǫ→ 0 this expression reduces to:
〈0|Ttx|0〉 = − 1
π
γ2βm2K0
[
2mγ(x+ βt)
]
. (38)
From here, one can see that at x = −βt, i.e. on the mirror, the vacuum expectation value is infinite, but when
x→∞ the expectation value is exponentially decaying. We discuss the meaning of the obtained expression in
the next subsection.
3.4.1 Vacuum expectation values and the Lorentz invariance
In this subsection we show that the above expression for 〈0|Ttx|0〉 can be obtained by boosting the mirror at
rest. First, we recall the calculation of the vacuum expectation value of the stress-energy tensor in the empty
space. The mode expansion of the field operator in such a case is
φ(t, x) =
+∞∫
−∞
dk
2π
1√
2ω
(
ake
−iωt−ikx + a†ke
iωt+ikx
)
.
Then the relevant vacuum expectation values are as follows:
〈Ttt〉0 =
+∞∫
−∞
ω
2
dk
2π
, and 〈Txx〉0 =
+∞∫
−∞
k2
2ω
dk
2π
, and 〈Ttx〉0 = 0,
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where the subscript ” 0 ” means that the expectation value is taken in the empty space, i.e. without a mirror. To
obtain the Lorentz invariant expression for the expectation value we apply the following regularization procedure.
We cut the momentum integration by Λ (instead of that one can use the point-splitting regularization) and also
subtract from it the same expression, but with a greater mass M ≫ m. Such a regularization is inspired by the
Pauli-Villars one.
The point is that the Pauli–Villars regularization alone does not cutoff all the divergences in the expectation
values (e.g. it does not regulate the quadratic ones). At the same time the Λ cutoff of the momentum integration
violates the Lorentz invariance. At the same time the combination of those two allows to cut all the divergences
and to respect the Lorentz invariance. That is because those terms which violate it cancel between the physical
and Pauli–Villars fields.
For example, for the case of 〈Txx〉0 we obtain:
〈Txx〉0 =
Λ∫
−Λ
k2
2
√
k2 +m2
dk
2π
−
Λ∫
−Λ
k2
2
√
k2 +M2
dk
2π
=
1
4π
[
Λ2
√
1 +
m2
Λ2
−m2 log
(√
1 +
m2
Λ2
+ 1
)]
− (m→M)
So, in the limits Λ→∞ and M ≫ m we find that
〈Txx〉0 =
1
4π
M2 log Λ.
Similarly one can find the expression for 〈Ttt〉0. As a result:
〈Tµν〉0 = −
1
4π
ηµνM
2 log Λ, (39)
where ηµν = diag(1,−1) is the metric tensor. This answer is obviously Lorentz-invariant. In the presence of
mirror the Lorentz invariance is obviously broken by it mere presence.
Let us repeat now the same computation in the presence of mirror at rest. First,
〈Ttx〉 =
+∞∫
0
dk
2π
(sin kx cos kx− cos kx sin kx) = 0.
Second,
〈Txx〉 = 2
Λ∫
0
ω2 sin2(kx) + k2 cos2(kx)−m2sin2(kx)
ω
dk
2π
− (m→M) = 2
Λ∫
0
k2
ω
dk
2π
− (m→M) = 2 〈Txx〉0 .
Note that in the presence of mirror the range of integration over k is [0,Λ], rather than [−Λ,Λ]. Finally, to
rederive the result (38) of the previous subsection in addition to the above regularizations we also need to use
the point-splitting one:
〈Ttt〉 = 2
Λ∫
0
ω2 sin2(kx) + k2 cos2(kx) +m2sin2(kx)
ω
e−ωǫ
dk
2π
− (m→M) =
= 2 〈Ttt〉0 − 2
+∞∫
0
m2 cos(2kx)
ω
e−ωǫ
dk
2π
+ 2
+∞∫
0
M2 cos(2kx)√
k2 +M2
e−
√
k2+M2ǫ dk
2π
=
= 2 〈Ttt〉0 −
1
π
m2K0(2mx) +
1
π
M2K0(2Mx) = 2 〈Ttt〉0 −
1
π
m2K0(2mx),
where in second line we take the limits Λ→∞ and M →∞, but 1/ǫ≫M .
Hence the normal ordered vacuum expectation value of the stress-energy tensor in the presence of mirror at
rest is as follows:
〈: Tµν :〉 = − 1
π
m2K0(2mx)
(
1 0
0 0
)
. (40)
The normal ordering is done by the subtraction from 〈Tµν〉 of the divergent expression that is proportional
to ηµν , i.e. which is similar to the empty space one. The obtained expectation value violates the Lorentz
invariance, which is natural in the presence of mirror.
Because of that, if one boosts the mirror at rest, he obtains the following vacuum expectation value of the
flux:
〈Tt′x′〉 = βγ2
[
〈Ttt〉+ 〈Txx〉
]
= − 1
π
m2βγ2K0(2mx) = − 1
π
m2βγ2K0
[
2mγ(x′ + βt′)
]
,
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which coincides with the expression found in the previous subsection.
This non-zero answer for the vacuum expectation value of the stress-energy tensor in the presence of a
moving mirror with constant velocity does not correspond to any flux. In fact, one can see that 〈Tt′x′〉 has
infinite value when x = −βt, but also rapidly decays to zero as x→∞. So one can think of the observed effect
as if the mirror captures and carries along with itself a portion of zero-point fluctuations.
4 Non-ideal mirror
4.1 Definition and modes
The mirror we have considered above reflects all modes equally well. But a real mirror is transparent for
modes with high enough momenta. As a model of non-ideal mirror in this work we consider the delta-potential
barrier V (x) = αδ(x), where α is a dimensionfull coefficient. The K-G equation in such a case is(
∂2t − ∂2x +m2 + αδ(x)
)
h(t, x) = 0, α > 0. (41)
To find the modes we use the following sewing conditions:
h(t,+0) = h(t,−0), (42)
∂xh(t,+0)− ∂xh(t,−0) = αh(t, 0). (43)
One can define the mode functions piecewise in different regions of space-time:
hk>0(t, x) =


e−iωt√
2ω
(
e−ikx − α
2ik + α
eikx
)
x < 0
e−iωt√
2ω
2ik
2ik + α
e−ikx x > 0;
(44)
hk<0(t, x) =


e−iωt√
2ω
(
e−ikx +
α
2ik − αe
ikx
)
x > 0
e−iωt√
2ω
2ik
2ik − αe
−ikx x < 0,
(45)
or with the use of the Heaviside function:
h(t, x) =
[
θ(−x)θ(−k) 2ik
2ik − αe
−ikx + θ(−x)θ(k)
(
e−ikx − α
2ik + α
eikx
)
+
+θ(x)θ(−k)
(
e−ikx +
α
2ik − αe
ikx
)
+ θ(x)θ(−k) 2ik
2ik + α
e−ikx
]
e−iωt√
2ω
.
In the limit α → 0 such modes reduce to their standard form: φ(t, x) = e
−ikx−iωt
√
2ω
. Note that for k ≫ α the
modes are not sensitive to the presence of the potential and look as regular plane waves, i.e. the mirror is
transparent for them.
The quantized field is as follows:
φ(t, x) =
+∞∫
−∞
dk
2π
akh(x)e
iωt + a†kh
∗(x)e−iωt√
2ω
. (46)
We show now that the commutation relations between the field and its conjugate momentum have the canonical
form:
−i[φ(t, x), ∂tφ(t, y)] =
θ(−x)θ(−y)
+∞∫
−∞
dk
[
θ(−k)
∣∣∣ 2ik
2ik + α
∣∣∣2eik(x−y)+θ(k)(eik(x−y)+∣∣∣ α
2ik − α
∣∣∣2e−ik(x−y)− α
2ik + α
eik(x+y)+
α
2ik − αe
−ik(x+y)
)]
+θ(x)θ(y)
+∞∫
−∞
dk
[
θ(k)
∣∣∣ 2ik
2ik − α
∣∣∣2eik(x−y)+θ(−k)(eik(x−y)+∣∣∣ α
2ik + α
∣∣∣2e−ik(x−y)− α
2ik + α
e−ik(x+y)+
α
2ik − αe
ik(x+y)
)]
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+θ(−x)θ(y)
+∞∫
−∞
dk
[
θ(−k)
( 2ik
2ik + α
eik(x−y)+
2ikα
|2ik + α|2 e
ik(x+y)
)
+θ(k)
( 2ik
2ik + α
eik(x−y)+
2ikα
|2ik − α|2 e
−ik(x−y)
)]
+θ(x)θ(−y)
+∞∫
−∞
dk
[
θ(−k)
( 2ik
2ik − αe
ik(x−y)− 2ikα|2ik + α|2 e
−ik(x+y)
)
+θ(k)
( 2ik
2ik − αe
ik(x−y)− 2ikα|2ik − α|2 e
ik(x−y)
)]
=
= θ(−x)θ(−y)
+∞∫
−∞
dk
[
eik(x−y) − α
2ik + α
eik(x+y)
]
+ θ(x)θ(y)
+∞∫
−∞
dk
[
eik(x−y) +
α
2ik − αe
ik(x+y)
]
+θ(−x)θ(y)
+∞∫
−∞
dk
[
2ik
2ik + α
eik(x−y)
]
+ θ(x)θ(−y)
+∞∫
−∞
dk
[
2ik
2ik − αe
ik(x−y)
]
,
where we have used the change k → −k in the integrals.
It happens that most of the integrals above are vanishing. In fact,
θ(x)θ(y)
+∞∫
−∞
dk
[
α
2ik − αe
ik(x+y)
]
= 0,
because the integrand in the analytic function in the lower plane. Also:
θ(−x)θ(y)
+∞∫
−∞
dk
[
2ik
2ik + α
eik(x−y)
]
= θ(−x)θ(y)δ(x − y) + θ(−x)θ(y)
+∞∫
−∞
dk
[
α
2ik + α
eik(x−y)
]
= 0
Hence, we find the following commutation relations:
[φ(t, x), ∂tφ(t, y)] = i
(
θ(−x)θ(−y) + θ(x)θ(y)
)
δ(x − y) = iδ(x− y) (47)
Thus, unlike the case of the ideal mirror, in the present situation we do not find unusual terms in the commutation
relations. That is one of the reasons why it is appropriate to consider non-ideal mirror rather than the ideal
one.
4.2 The free Hamiltonian
Let us find the explicit form of the Hamiltonian operator via the creation and annihilation operators. By
definition we have that:
H =
1
2
+∞∫
−∞
dx
[
(∂tφ)
2 + (∂xφ)
2 +
(
m2 + αδ(x)
)
φ2
]
= (48)
=
1
2
+∞∫
−∞
dx
[
(∂tφ)
2 + (∂xφ)
2 +m2φ2 + αφ2(t, 0)
]
.
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Consider every term here separately:
+∞∫
−∞
dx(∂tφ)
2 =
0∫
−∞
dx(∂tφ)
2 +
+∞∫
0
dx(∂tφ)
2 =
=
0∫
−∞
dx
[( 0∫
−∞
dk
2π
(−iωk√
2ωk
e−iωkt
2ik
2ik − αe
−ikxak +
iωk√
2ωk
eiωkt
2ik
2ik + α
eikxa†k
)
+
+
+∞∫
0
dk
2π
(−iωk√
2ωk
e−iωkt
(
e−ikx − α
2ik + α
eikx
)
ak +
iωk√
2wk
eiωkt
(
eikx +
α
2ik − αe
−ikx)a†k
))
×
×
( 0∫
−∞
dq
2π
( −iωq√
2ωq
e−iωqt
2iq
2iq − αe
−iqxaq +
iωq√
2ωq
eiωqt
2iq
2iq + α
eiqxa†q
)
+
+
+∞∫
0
dq
2π
( −iωq√
2ωq
e−iωqt
(
e−iqx − α
2iq + α
eiqx
)
aq +
iωq√
2ωq
eiωqt
(
eiqx +
α
2iq − αe
−iqx)a†q
))]
+
+
+∞∫
0
dx
[( 0∫
−∞
dk
2π
(−iωk√
2ωk
e−iωkt
(
e−ikx +
α
2ik − αe
ikx
)
ak +
iωk√
2ωk
eiωkt
(
eikx − α
2ik + α
e−ikx
)
a†k
)
+
+
+∞∫
0
dk
2π
(−iωk√
2ωk
e−iωkt
2ik
2ik + α
e−ikxak +
iωk√
2ωk
eiωkt
2ik
2ik − αe
ikxa†k
))
×
×
( 0∫
−∞
dq
2π
( −iωq√
2ωq
e−iωqt
(
e−iqx +
α
2iq − αe
iqx
)
aq +
iωq√
2ωq
eiωqt
(
eiqx − α
2iq + α
e−iqx
)
a†q
)
+
+
+∞∫
0
dq
2π
( −iωq√
2ωq
e−iωqt
2iq
2iq + α
e−iqxaq +
iωq√
2ωq
eiωqt
2iq
2iq − αe
iqxa†q
))]
. (49)
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Similarly:
+∞∫
−∞
dx(∂xφ)
2 =
0∫
−∞
dx(∂xφ)
2 +
+∞∫
0
dx(∂xφ)
2 =
=
0∫
−∞
dx
[( 0∫
−∞
dk
2π
( −ik√
2ωk
e−iωkt
2ik
2ik − αe
−ikxak +
ik√
2ωk
eiωkt
2ik
2ik + α
eikxa†k
)
+
+
+∞∫
0
dk
2π
( −ik√
2ωk
e−iωkt
(
e−ikx +
α
2ik + α
eikx
)
ak +
ik√
2ωk
eiωkt
(
eikx − α
2ik − αe
−ikx)a†k
))
×
×
( 0∫
−∞
dq
2π
( −iq√
2ωq
e−iωqt
2iq
2iq − αe
−iqxaq +
iq√
2wq
eiωqt
2iq
2iq + α
eiqxa†q
)
+
+
+∞∫
0
dq
2π
( −iq√
2ωq
e−iωqt
(
e−iqx +
α
2iq + α
eiqx
)
aq +
iq√
2ωq
eiωqt
(
eiqx − α
2iq − αe
−iqx)a†q
))]
+
+
+∞∫
0
dx
[( 0∫
−∞
dk
2π
( −ik√
2ωk
e−iωkt
(
e−ikx − α
2ik − αe
ikx
)
ak +
ik√
2ωk
eiωkt
(
eikx +
α
2ik + α
e−ikx
)
a†k
)
+
+
+∞∫
0
dk
2π
( −ik√
2ωk
e−iωkt
2ik
2ik + α
e−ikxak +
ik√
2ωk
eiωkt
2ik
2ik − αe
ikxa†k
))
×
×
( 0∫
−∞
dq
2π
( −iq√
2ωq
e−iωqt
(
e−iqx − α
2iq − αe
iqx
)
aq +
iq√
2ωq
eiωqt
(
eiqx +
α
2iq + α
e−iqx
)
a†q
)
+
+
+∞∫
0
dq
2π
( −iq√
2ωq
e−iωqt
2iq
2iq + α
e−iqxaq +
iq√
2ωq
eiωqt
2iq
2iq − αe
iqxa†q
))]
. (50)
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And finally:
+∞∫
−∞
m2φ2dx = m2
0∫
−∞
dx(φ)2 +m2
+∞∫
0
dx(φ)2 =
= m2
0∫
−∞
dx
[( 0∫
−∞
dk
2π
(
1√
2ωk
e−iωkt
2ik
2ik − αe
−ikxak +
1√
2ωk
eiωkt
2ik
2ik + α
eikxa†k
)
+
+
+∞∫
0
dk
2π
(
1√
2ωk
e−iωkt
(
e−ikx − α
2ik + α
eikx
)
ak +
1√
2ωk
eiωkt
(
eikx +
α
2ik − αe
−ikx)a†k
))
×
×
( 0∫
−∞
dq
2π
(
1√
2ωq
e−iωqt
2iq
2iq − αe
−iqxaq +
1√
2ωq
eiωqt
2iq
2iq + α
eiqxa†q
)
+
+
∫ +∞
0
dq
2π
(
1√
2ωq
e−iωqt
(
e−iqx − α
2iq + α
eiqx
)
aq +
1√
2ωq
eiωqt
(
eiqx +
α
2iq − αe
−iqx)a†q
))]
+
+m2
+∞∫
0
dx
[( 0∫
−∞
dk
2π
(
1√
2ωk
e−iωkt
(
e−ikx +
α
2ik − αe
ikx
)
ak +
1√
2ωk
eiωkt
(
eikx − α
2ik + α
e−ikx
)
a†k
)
+
+
+∞∫
0
dk
2π
(
1√
2ωk
e−iωkt
2ik
2ik + α
e−ikxak +
1√
2ωk
eiωkt
2ik
2ik − αe
ikxa†k
))
×
×
( 0∫
−∞
dq
2π
(
1√
2ωq
e−iωqt
(
e−iqx +
α
2iq − αe
iqx
)
aq +
1√
2ωq
eiωqt
(
eiqx − α
2iq + α
e−iqx
)
a†q
)
+
+
+∞∫
0
dq
2π
(
1√
2ωq
e−iωqt
2iq
2iq + α
e−iqxaq +
1√
2ωq
eiωqt
2iq
2iq − αe
iqxa†q
))]
. (51)
4.2.1 The part of the Hamiltonian which contains akaq
Adding the terms containing akaq in (49), (50) and (51) we obtain:
∆Haa =
+∞∫
0
dx
0∫
−∞
dk
2π
0∫
−∞
dq
2π
akaq
e−it(ωk+ωq)√
4ωkωq
[(
ωkωq + kq −m2
)(− eix(k+q) − e−ix(k+q))−
−(ωkωq + kq −m2) 2iα(k + q)
(2ik − α)(2iq − α)e
ix(k+q) − α(ωkωq − kq −m2)[e−ix(k−q)
2iq − α +
eix(k−q)
2ik − α
]]−
−
+∞∫
0
dx
0∫
−∞
dk
2π
+∞∫
0
dq
2π
2akaq
e−it(ωk+ωq)√
4ωkωq
×
×
[(
ωkωq + kq −m2
)( 2ik
2ik − αe
ix(k+q) +
2iq
2iq + α
e−ix(l+q)
)
− 2iα(k − q)
(2ik − α)(2iq + α)
(
ωkωq − kq −m2
)]
+
+
+∞∫
0
dx
+∞∫
0
dk
2π
+∞∫
0
dq
2π
akaq
e−it(ωk+ωq)√
4ωkωq
[(
ωkωq + kq −m2
)(− e−ix(k+q) − eix(k+q))+
+
(
ωkωq + kq −m2
) 2iα(k + q)
(2ik + α)(2iq + α)
e−ix(k+q) + α
(
ωkωq − kq −m2
)[eix(k−q)
2iq + α
+
e−ix(k−q)
2ik + α
]]
+ αφ2(t, 0),
(52)
19
where [..]aa and ∆Haa means that we take only that part of the operator, which is proportional to akaq.
Combining all contributions into one integral, we find:
∆Haa =
+∞∫
0
dx
+∞∫
0
dk
2π
+∞∫
0
dq
2π
e−it(ωk+ωq)√
4ωkωq
×
×
[
a−ka−q
(
ωkωq + kq−m2
) 2iα(k + q)
(2ik + α)(2iq + α)
e−ix(k+q) + a−ka−qα
(
ωkωq − kq−m2
)[eix(k−q)
2iq + α
+
e−ix(k−q)
2ik + α
]−
+ 2a−kaq
(
ωkωq + kq −m2
) 2iα(k + q)
(2ik + α)(2iq + α)
e−ix(k+q) + 2a−kaqα
(
ωkωq − kq −m2
)[eix(k−q)
2iq + α
+
e−ix(k−q)
2ik + α
]
+
+akaq
(
ωkωq+kq−m2
) 2iα(k + q)
(2ik + α)(2iq + α)
e−ix(k+q)+αakaq
(
ωkωq−kq−m2
)[eix(k−q)
2iq + α
+
e−ix(k−q)
2ik + α
]]
+αφ2(t, 0) =
=
+∞∫
0
dx
+∞∫
0
dk
2π
+∞∫
0
dq
2π
e−it(wk+wq)√
4ωkωq
×
×
[(
2iα(k + q)
(2ik + α)(2iq + α)
e−ix(k+q)
(
ωkωq + kq −m2
)
+ α
(
eix(k−q)
2iq + α
+
e−ix(k−q)
2ik + α
)(
ωkωq − kq −m2
))×
× (a−ka−q + 2a−kaq + akaq)
]
+ αφ2(t, 0). (53)
Integrating over the x the first term in the last line of (53), we get:
2iα(k + q)
(2ik + α)(2iq + α)
(
ωkωq + kq −m2
) +∞∫
0
dxe−ix(k+q) =
=
2iα(k + q)
(2ik + α)(2iq + α)
1
i(k + q − iǫ)
(
ωkωq + kq −m2
)
=
2α(k + q)
(2ik + α)(2iq + α)
(k + q) + iǫ
(k + q)2 + ǫ2
(
ωkωq + kq −m2
)
=
=
2α
(2ik + α)(2iq + α)
(
ωkωq + kq −m2
)
+
2α(k + q)
(2ik + α)(2iq + α)
iπδ(k + q)
(
ωkωq + kq −m2
)
=
=
2α
(2ik + α)(2iq + α)
(
ωkωq + kq −m2
)
. (54)
Integrating over the x the second term in the last line of (53), we get:
(
ωkωq − kq −m2
) +∞∫
0
(
eix(k−q)
2iq + α
+
e−ix(k−q)
2ik + α
)
=
=
(
ωkωq − kq −m2
)( −1
i(2iq + α)(k − q + iǫ) +
1
i(2ik + α)(k − q − iǫ)
)
=
=
i
(
ωkωq − kq −m2
)
(2iq + α)(2ik + α)
(2i(k − q)2 + 2ǫ(k − q)− 2iαǫ)
(k − q)2 + ǫ2 = −2
(
ωkωq − kq −m2
)
(2iq + α)(2ik + α)
. (55)
Also: [
αφ2(t, 0)
]
aa
= −
+∞∫
0
dk
2π
+∞∫
0
dq
2π
e−it(wk+wq)√
ωkωq
4αkq
(2iq + α)(2ik + α)
(
a−ka−q + 2a−kaq + akaq
)
. (56)
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Then using (54)-(56), finally we find that:
∆Haa =
+∞∫
0
dk
2π
+∞∫
0
dq
2π
e−it(ωk+ωq)√
4ωkωq
×
×
[
2α
(2iq + α)(2ik + α)
(
ωkωq + kq −m2 −
(
ωkωq − kq −m2
))(
a−ka−q + 2a−kaq + akaq
)]
+ αφ2(t, 0) =
=
+∞∫
0
dk
2π
+∞∫
0
dq
2π
e−it(ωk+ωq)√
4ωkωq
4αkq
(2iq + α)(2ik + α)
(
a−ka−q + 2a−kaq + akaq
)−
−
+∞∫
0
dk
2π
+∞∫
0
dq
2π
e−it(ωk+ωq)√
4ωkωq
4αkq
(2iq + α)(2ik + α)
(
a−ka−q + 2a−kaq + akaq
)
= 0. (57)
Thus, in the case under consideration the Hamiltonian does not contain neither aa nor a†a† terms.
4.2.2 The part of the Hamiltonian which contains aka
†
q
Similarly to the above derivation, adding aka
†
q-terms from (49), (50), (51) and[
αφ2(t, 0)
]
aa†
= (58)
= −
0∫
−∞
dk
2π
0∫
−∞
dq
2π
aka
†
q
e−it(ωk−ωq)√
4ωkωq
4αkq
(2ik − α)(2iq + α)−
−
0∫
−∞
dk
2π
+∞∫
0
dq
2π
1√
4ωkωq
[
4αkqe−it(ωk−ωq)
(2ik − α)(2iq − α)aka
†
q +
4αkqe−it(ωq−ωk)
(2ik + α)(2iq + α)
aqa
†
k
]
−
−
+∞∫
0
dk
2π
+∞∫
0
dq
2π
aka
†
q
e−it(ωk−ωq)√
4ωkωq
4αkq
(2ik + α)(2iq − α) ,
we get that:
Haa† =
+∞∫
−∞
dk
2π
ω
2
aka
†
k. (59)
Thus, the free Hamiltonian is:
H =
+∞∫
−∞
dk
2π
ω
2
(
aka
†
k + a
†
kak
)
, (60)
i.e. is diagonal as is expected.
4.3 The vacuum expectation value of the stress-energy tensor
Using the same regularization as for the ideal mirror, we find the following expressions for the components
of the vacuum expectation value of the stress-energy tensor:
〈Ttx〉 =
+∞∫
−∞
dkk
k2
k2 + α2
= 0,
〈Ttt〉 = − 1
4π
M2 log Λ +
αδ(x)
2π
[arctan(√ 4M2
α2
− 1)√
4M2
α2
− 1
−
arctan(
√
4m2
α2
− 1)√
4m2
α2
− 1
]
,
〈Txx〉 = 1
4π
M2 log Λ− αδ(x)
2π
[arctan(√ 4M2
α2
− 1)√
4M2
α2
− 1
−
arctan(
√
4m2
α2
− 1)√
4m2
α2
− 1
]
+ F (m,M, x),
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where
F (m,M, x) = 2m2
+∞∫
−∞
[
θ(−x)θ(k)
( α
2ik − αe
−2ikx − α
2ik + α
e2ikx
)
+
+θ(x)θ(−k)
( α
2ik − αe
2ikx − α
2ik + α
e−2ikx
)] dk
4πω
− (m→M).
In the limit M →∞ we have that arctan(
√
4M2
α2
−1)√
4M2
α2
−1
→ 0. Hence,
〈Tµν〉 = − 1
4π
ηµν
[
M2 log Λ + 2αδ(x)
arctan(
√
4m2
α2
− 1)√
4m2
α2
− 1
]
+ F (m,M, x)
(
0 0
0 1
)
. (61)
One can see that F (m,M, x)→ 0, as x→∞. To estimate F (m,M, x), as x→ 0, when M ≫ m, and 2m 6= α:
lim
x→0
F (m,M, x) =
M2
π
arctan(
√
4M2
α2
− 1)√
4M2
α2
− 1
− m
2
π
arctan(
√
4m2
α2
− 1)√
4m2
α2
− 1
→ αM
4
,
and for the case, when 2m = α, we obtain that:
lim
x→0
F (m,M, x) =
M2
π
arctan(
√
4M2
α2
− 1)√
4M2
α2
− 1
− m
2
π
→ mM
2
For other values of x F (m,M, x) is finite. After the boost we find the following vacuum expectation value:
〈Tt′x′〉 = βγ2F (m,M, x′ + βt′)
which is infinite on the mirror, as x′ → −βt′, and tends to zero far away from the delta-potential world-line.
Similarly to the case of ideal mirror, we observe that the δ-functional potential somehow captures and carries
a portion of the zero-point fluctuations along with itself.
5 Conclusion
The main results of the present paper are as follows.
First, the ideal mirror, which reflects all the modes equally well, is rather pathological situation from the
physical point of view. That is at least because of the fact that field operator and its conjugate momentum do
not have canonical commutation relations. That is true under assumption that the creation and annihilation
operators obey the standard Heisenberg algebra. The problems become even stronger in the case of loops in
the interacting field theory [13].
Second, in the presence of moving mirrors the diagonal form (in terms of the creation and annihilation
operators) has the H − βP operator rather than H itself. Here β is the velocity of the mirror and P is the
momentum operator.
Third, for the massive fields in the presence of a mirror moving with constant velocity the expectation value
of the stress–energy tensor has a non–diagonal contribution. This is not a flux, because it decays with the
increase of the distance from the mirror. Such a contribution is present both in the case of ideal and non–ideal
mirror. It appears due to the fact that moving mirror distorts somehow zero point fluctuations of massive fields
and the violation of the Lorentz invariance in the presence of a mirror becomes apparent. Note that, on the
contrary, massless fields always reside on the light–cone (both falling and reflecting waves) which is not affected
by the presence of a reflecting boundary.
Fourth, in the case of non–ideal mirror the commutation relations of the field operator and its conjugate
momentum have their canonical form, as it should be in proper physical situations.
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